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Kinetics of macroion coagulation induced by multivalent counterions
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Due to the strong correlations between multivalent counterions condensed on a macroion, the net macroion
charge changes sign at some critical counterion concentration. This effect is known as the charge inversion.
Near this critical concentration the macroion net charge is small. Therefore, short range attractive forces
between macroions dominate Coulomb repulsion and lead to their coagulation. The kinetics of macroion
coagulation in this range of counterion concentrations is studied. We calculate the Coulomb barrier between
two approaching like charged macroions at a given counterion concentration. Two different macroion shapes
(spherical and rodlikeare considered. A new “self-regulated” regime of coagulation is found. As the size of
aggregates increases, their charge and Coulomb barrier also grow and diminish the sticking probability of
aggregates. This leads to a slow, logarithmic increase of the aggregate size with time.
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[. INTRODUCTION part of many industrial processes such as paper production,
extraction of minerals, proteins, and other macroions from
Water solutions of strongly charged particl@sacroions  solutions, or treatment of waste waters. On the other hand,
with multivalent counterions with large charge (Z-ions)  there are many other cases where coagulation should be
are important in physics, chemistry, biology, chemical engi-avoided. Delivery of short modified DNA molecules—DNA
neering, and environmental science. Colloidal particlespdsorbed on the surface of positively charged latex
charged membranes, double helix DNA, actin, and otheparticles—is a good examplé,2].
polyelectrolytes(PE) are examples of different macroions.  Because colloidal solutions are stable due to the Coulomb
Multivalent metallic ions, dendrimers, charged micelles,repulsion between particles, coagulation is usually achieved
short DNA helices, or other short PE can play the role ofby a large concentration of monovalent salt, which screens
Z- ions. out these charges. When the concentration of salt grows be-
We concentrate here on strongly asymmetric solutions iryond the coagulation threshold nothing new happens and
which size and charge of macroions are much larger thamacroions stay coagulated. If, instead of monovalent salt, we
those ofZ-ions. As the simplest example, we consider mac-deal with Z-ions (add Z:1 saly then charge inversion
roions as negatively charged rigid spheres with chargg  changes this situation. Coagulation happens only in the range
and radiusR in solution with compact positiv&-ions with ~ of concentrations, which is close to the neutrality line
the sizea<R and charge ¥Z<Q. This can be a solution of (shown by gray in Fig. } so that the Coulomb repulsion is
positive latex particles with very short DNA helicg$,2], i
latex particles with various oppositely charged polyelectro-
lytes[3], or hematite particles with polyacrylic acjd]. _I_ i
In such solutions, each sphere adsorbs maigns. They
strongly repel each other at the surface of the sphere and P
form a strongly correlated two-dimensional liquid reminis-
cent of a Wigner crystal. When a nexvion approaches this
liquid, it repels nearest-ions, creates a correlation hole or
an oppositely charged image, which provides attraction of 7
Z-ion to the surfacg5] in addition to what mean field theo- z
ries predict. Therefore, when the concentratiorzabns, c, X
reaches some critical valwg(s) (which depends on concen-
tration of macroions particles) the net charge of each mac- 1_> =
roion, Q* (which includes all adsorbed-ions) flips its sign 01
[6]. In Fig. 1 the “neutrality” line cy(s) is shown in plane

. . A .
(s,c) together with two signs oQ™ that it separates. FIG. 1. Phase diagram of a solution of negative spheres with
Correlations betweeiz-ions on the sphere surface also compactZ-ions in the plane of their concentrations ). The dot-

lead to another interesting effect. The correlation energy pejg jine corresponds to the isoelectric compositiensN, , where
Z-ion is lower at higherZ-ion concentration. This means \.—q/z is the number oZ-ions needed to neutralize one sphere.
when two spheres touch each other, at the place of contaghe dashed line corresponds to the concentrationZ-imns c
where theZ-ion concentration doubles, correlation energy is=c(s), where the net charge of a sphere with adsorBedns
gained[7]. This energy gain results in an attraction betweencrosses zero. The two solid lines define the external boundary of
spheres that, together with the traditionally discussed van defomain where spheres coagulate. The plus and minus are the signs
Waals forces, leads to their coagulation. Coagulation is a kegf the net charge of free spheres above and below the dashed curve.
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so weak that the free energy is gained when spheres toudyual to [5] csexp(usc/ksT), where cg is the three-
each other. Thus when, say, the concentratioZ-edns, ¢,  dimensional concentration of the surface layer of the SCL of
grows at fixeds, coagulation happens at some critical con-z-jons andusc, is the chemical potential df-ions in SCL.
centrationc. while at a larger concentratiary aggregates of |t is negative andusc|>kgT so thatc, is very small.
spheres dissolve, because spheres acquire large positive netin Ref.[6], the net charge of the sphere was shown to be

charge. In our earlier papgé], we derived expressions for proportional toU near the neutrality line,
c:(s) andcy(s). These curves are plotted in Fig. 1. Remark-

ably, phase diagrams of this type were discovered experi- Q*=CuU, 3)
mentally more than half a century ago for complexes of
strongly oppositely charged proteifi8]. However, in Ref. whereC is the capacitance of the macroion coated by the
[8] only the charge of large aggregates of macroi@wac-  “metallic film” of SCL of Z-ions. For a spher€=¢R,
ervate dropletswas measured and the net charge of a singlevhere« is dielectric constant of water. BecauSedepends
macroion was not discussed. No explanation was proposesh the correlation chemical potentiakc, of Z-ions in the
for charge inversion of aggregates. In R@] we suggested SCL, we call it the correlation voltage. From H@) one sees
an equilibrium theory of the phase diagram of Fig. 1 andthat if c>c(s) spheres are overchargéubsitive), while in
showed that aggregates of spheres and isolated spher@® opposite case>c,(s) they are underchargddegative.
change sign of their net charge at the same ¢ig(es). Detailed derivation of Eq(3) can be found in Sec. Il of Ref.

In this paper we go beyond equilibrium statistical physics[6] [See Eq.(26) of this referencg
and study kinetics for different domains of the phase dia- Our main result is that the height of the Coulomb barrier
gram. There are two main slow processes in the problenbetween two spheres is
charge inversion and coagulation. The first one is slow in the
upper left area of the phase diagram when free macroions are Vnax=aCU?, (4)
strongly overcharged. In this case, the growth rate of the
macroion positive charge is limited by a large repulsive Couwherea is a numerical factor of the order of unitat weak
lomb barrier for newZ-ions. Activation above this barrier is screeningx= 0.3, at very strong screening=1). Thus, the
necessary for &-ion to come close enough to macroion in rate » at which doublets appear has the form
order to feel attraction to its image in the strongly correlated
liquid (SCL) of already adsorbed-ions. p(U)=pyexp— aCU%kgT). (5)

In the coagulation domain surrounding the neutrality line
charges of macroions are relatively small so that charge inthe exponential factor of Eq5) is, of course, the probabil-
version is a fast process. On the other hand, coagulation Gy of activation above the Coulomb barrier between two
macroions can be very slow and take hours. Suppose we Mpgacroions.
latex Spheres witiZ-ions in such concentrations that the cor- Equation (4) Suggests that the Coulomb barrier between
responding point is in the gray area of the phase diagram anghgregates increases as their size grows. This leads to the
watch how the mass of aggregates grows as a function qfecreasing sticking probability between two aggregates as
time. Although the net charg@” in the gray area is smaller their size increases. This, in turn, leads to the slowing down
than the bare charg@, its absolute value can be much larger of the growth of the aggregate size with time. We call this the
thanZ and the Coulomb barrier of repulSion of two macro- “Se|f_regu|ated" aggregation and show that in this case an

ions can be much larger than the barrier for charge inversiomggregate size increases only as a logarithmic function of
which is created by the Coulomb interaction oZdon with  time,

the macroion net charg®*. Therefore, in this paper, we
assumeZ-ions are always in equilibrium and study the kinet- R(H)=R4 In(t/ty), (6)
ics of macroion coagulation only.

We first concentrate on the short time kinetics in whichyyhere the size and time consta®t andt,, respectively, will
doublets of macroions appear. We calculate the Coulombe given in Sec. IIl.
barrier between two approaching macroions as a function of However, “self-regulated” aggregation cannot continue
the distance from the neutrality line. We measure this disforever. When aggregates are so large that their time of ac-
tance by the variable tivation above the Coulomb barrier is longer than the time
for one macroion to desorb from an aggregate, one enters a

U= kB—TIn 1+ C—Co(S) 5 Lifshitz-Slezov(LS) regime of coagulation where the aggre-
Ze 0 ' gate size increases linearly with time with a very long time
constant. In this regime, aggregates gain size by adsorbing
where the critical concentration free spheres that desorb from smaller aggregates.
Screening can diminish the Coulomb barrier substantially.
Co(S)=cCgtsN;. (20 At strong screening, the LS regime may never be reached.

Instead the height of Coulomb barrier saturates when the
Here N; is the number ofZ-ions needed to neutralize one aggregate size reaches the screening lengthin this case,
sphere. The concentratiory, is the concentration of free the “self-regulated” aggregation is followed by the reaction
Z-ions, which is in equilibrium with neutralized spheres. It is limited aggregation where Coulomb barrier is constant for
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any aggregates with size greater thgnand the average
aggregate size increases roughly quadratically in time.
There have been various experiments studying the kinetic
of macroion coagulation induced I&+ions, such as latex
particles complexed with short DNA segmeifiig or other
oppositely charged polyelectrolytg3], or hematite particles
complexed with polyacrylic acid4]. In all these experi-
ments, the authors observed an exponential increase in the
rate of coagulation when the neutrality line is approached. At
the same time, as th&ions concentration increases across
this line, the electrophoretic mobility of the macroions
changes sign suggesting a charge inversion effect. When

V(r)/eRU>

Z-ions concentration are much larger or smaller than the neu- 0 1 l 1 1
trality composition, macroions are undercharged or over- 1 3 5 7 9
charged and the Coulomb barrier exponentially diminishes r/2R

their sticking probability. The results of Refgl,3] are in _ _

qualitative agreement with E@5). However, the authors of ~ FIG. 2. The Coulomb potential barrier between two sphétes
Ref.[4] observed a plateau in the aggregation rate around theelid line). For comparison, .the Coulomb potentlgl barrier for two
neutrality pointU =0, instead of I[lv(U)]ocuz. This may be spheres with fixed charge is plottéthe dashed line Note that,

due to the limited time resolution of the experiment at the@!though not plotted, at distances very close 2R=1, the inter-
initial fast stage of coagulation. action energy drops below zero due to the short range electrostatic

The paper is organized as following. In Secs. Il and IV correlation attraction betweeftions and the van der Waals attrac-

we study the kinetic barrier for two approaching macroion"©" between spheres.

with spherical shape and rodlike shape at a gi¥eon con-

centration. In Sec. Ill, we discuss different stages of macro- V()= Cpa(r)+2C (1) +Cyy(r)
ion coagulation, namely how the coagulation rate crossovers 2

from a diffusion limited regime to the new “self-regulated”

regime and finally to LS regiméor to reaction limited re- WhereCy;(r), Cyx(r), andCy,(r) are, respectively, the self-
g|me) In the conclusion, we summarize our results. capacitances of the Spheres 1 and 2 and their mutual capaci-

tance. The capacitance of an isolated sphegRis
When dealing with a system under constant charging po-
Il. COULOMB POTENTIAL BARRIER BETWEEN TWO tential, the free energl}(r) of the system must _include the
APPROACHING SPHERES wc_)rk of the _sou_rce(m our case, the population of free
Z-iong) to maintain this potential
Let us start by calculating the Coulomb barrier between
two approaching spheres. Because the charge of each sphere z 5
is not fixed but self-adjustgby releasing or absorbing F(r)=V(r)—iZl Cij(nU=—V(r). ®)
Z-iong) according to their positions; one has to calculate self- e
consistently the Coulomb repulsion between spheres anl js the lowering in the free energy compared to the refer-
their charges at a given separation. The capacitor charginghce system of two completely neutralized spheres with the
picture of Eq.(3) offers a very convenient way of doing this. (gst of thez-ions free.
Indeed, the voltag®) depends only on the concentration of e capacitance i€;,, Cy,, andC;, have been calcu-
bulk Z-ions and the surface charge density of the spheregied for two spherical conductofs]:
(through the chemical potentiglsc,) and, therefore, is con-
stant for a giverc and sphere surface charge densityBe- *
cause the SCL aZ-ions on the macroion surface behaves as Cll(r)zczz(r)zsRsinh,BZ sinh [(2n—1)8],
a metal, one can view the system of spheres and their aggre- n=1

U2-eRU?, (7)

gates as a system of conductors under a constant charging ©
potential U. Thus, one can calculate the net charge of not o

only spheres but also their aggregate of any size by using the C.(1r)=—eRsinh sinh 1(2n 10
appropriate capacitand@,ggegacinstead ofC. In the same 12) ¢ 'Bn§=:1 (2nB), (19

way, the kinetic Coulomb potential barrier between any two
aggregates can also be calculated. where >0 satisfies cosp=r/2R.

BecauseZ-ions are much more mobile than spheres, the Substituting Eqs(9) and(10) into Eq.(7), one can easily
process of charging up the spheres is much faster than céind the cost in the free energy V(r) in moving two
agulation and at any instance during the coagulation processpheres from infinity to the distanece The result is plotted
the Z-ions distribution is in equilibrium. With this assump- by the solid line in Fig. 2. For comparison, the potential
tion, one can write the Coulomb interaction energy betweerbarrier for the case when the spheres keep their chafge
two spheres when they are at distamdeom each other as, =C(»)U=¢RU fixed when approaching each other is also
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plotted. The maximum of the potential barrier is located verycapacitance of the system IAC=C;;+2C,+Cys
close to the distance=2R where two spheres touch each —C;(«)—C,(«)=¢R. Thus, in this case the maximum of
other and is equal to the potential barrier is

V.. ~03:RU. (11) Vimax=eRU?  (R>ry). (12
Comparing this result with Eq11), one sees that, besides
As one can see, at the maximum of the potential barrier, the numerical factor, screening does not affect the height of the
self-adjustment of the sphere charge reduces this barrigrotential barrier between two approaching spheres as long as
height by about 40% compared to the barrier ofs®RE)? r is larger than the average distance betwgeons on the
one would get if the sphere charges were kept fixed upospheres.
approaching.
Due to this Coulomb barrier, the expression for the rate at IIl. LATER STAGES OF COAGULATION
which spheres come to each other to form doublets contains
an exponential factor related to the probability of activation In preceding sections, we discussed the kinetic barrier
above this barrier as shown in E@). when two macroions approach each other to form a doublet.
One should bear in mind that in writing down E@.1),  This fast process happens at the initial stage of coagulation
the maximum of the potential is assumed to be at the contagrhere the concentration of free macroions is large. Doublets
distancer = 2R between two spheres. Due to the electrostaticcoagulate with free macroions or other doublets to form big-
correlation attraction and the van der Waals attraction beger macroions aggregates. This section deals with later
tween spheres, the maximum of the potential is actually lostages of coagulation.
cated at some distan@ away from contact. However, both ~ The problem of coagulation is generally complicated and
of these forces are of very short range nature. Therefor&san be solved exactly only in special cases. However, the
unless the system is in the very vicinity of the neutral com-main physics can be captured if one works with the dominant
position U=0), &r is much smaller thaR and the potential aggregate sizék(t) [with concentrationN(t)] at a given
energyV(r) drops steeply near=2R. Indeed, the van der time assuming this typical aggregates carry all the mass of
Waals force between two spheres near contadi®sr?,  the macroions.
whereH is the Hamaker constant<(10kgT at room tem- Let us start from the initial stage of coagulation when the
peratur¢. Equating this force with the Coulomb fored)2, ~ aggregate size is small, so that at small enougftlose to
one hassr/R~H/eRU?<1. The electrostatic correlation the neutrality ling the Coulomb barrier between aggregates
attraction force has the range of the average distance bés smaller tharkgT. In this case, the Coulomb barrier of Eq.
tweenz-ions on the sphere surface that is also much smallefll) has little effect and the probability of sticking for two
thanR. Thus, we havesr <R for both forces. Therefore, the 2dgregates is of the order of unity. This is the regime of the
correction toV,,, is very small and one can use Eq1) for WeII-know_n dlfqumn limited aggregation. The goncentratlo_n
the kinetic potential barrier between two spheres. of the typical size aggregates decreases as inverse of time
In the above calculation, it is also assumed that the Coul12:
lomb potential is unscreened. In reality, there is always a s
finite concentration of monovalent salt in water solution, _ _ o diff S
which leads to the screening of Coulomb interaction at dis- N(®)= 1-+t/ g =s— for t>ray, (13
tance larger than the Debye-tkel screening lengths. If rg
is larger than the averaged distance betwZdans at the where 745~ 7/kgTs, s is the initial concentration of free
surface of an aggregate, the correlation betwéons re-  macroions, andy is the viscosity of water. Thus, the rate of
mains unscreened. Therefore, the concentratiprand cor-  coagulation in this early stage is relatively constant, indepen-
respondingly, the charging potentid) remain constant. dent ofU, and equal to the rate of coagulation at the neutral-
Thus, in this regime, screening influences the process of caty line where the charging potenti&l is exactly zero and
agulation only through the change in the capacitance of eacifiere is no Coulomb barrier.
sphere. The regime of diffusion limited aggregation stops when
When the radius of the aggregate is smaller than théhe typical size of the macroion aggregates reaches such a
screening radiusR<r, the Coulomb interaction is not size that the Coulomb barrier is larger thiggil. Using Eq.
screened when the aggregates touch each other, therefore, ti8), one sees that this regime is reached when the typical
above result remains valid. In the opposite case, wRen size equals
>rg, the capacitance of each isolated aggregate is that of a
plane capacitor with thickness, and area 4R?, CyA®) Ri=kgT/eU2. (14
=gR?/rs. Using this planar capacitor approximation, it is
not difficult to estimate the change in the total capacitance ofAssuming an aggregate has a fractal dimensipfin prac-
the system when the two aggregates touch each other. Itical situation,d;=2) so that the number of spheres in it is
deed, simple geometric calculation gives the reduction in th¢ R/R)%, the time at whichR, is reached is
area of the planar capacitor, when the two spherical aggre-
gates touch each other, istTRr. Thus, the change in the ty= rqir(kg T/e UZR) 91, (15
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When t>t,, the Coulomb barrieV,,,=eRU? has to be R /R
taken into account. In this regime, the dominant contribution A

to the rate of coagulation comes from the tunneling of aggre-
gates through the Coulomb barrier. The change in the con-

centration of typical aggregates obeys the equdtidh Ro/R { '\
dN(t R
%=—KDR2N2exq—VmaxlkBT), (16) PN /R

where the numerical factor has been dropped on the right 01 U;e/kBT

hand side and the factor x satisfies «?=

—[d?V(r)/dr?],,./2kgT. Since the typical width of the FIG. 3. The typical aggregate siz& andR, at which aggre-
Coulomb barrier isR, k= Vmax/ R ?kgT. Using the Stoke gate growth mechanism crosses over from the diffusion limited re-
formula,D=kgT/ %R, one can solve Eq16) assuming that gime to the “self-regulated” regime and then to the Lifshitz-Slezov
the typical size aggregates consume all the mass of the matggime a function of the dimensionless paramét&re/kgT.

roions,
(caused by the smaller surface energy per sphere of the larger

R=Ry(N;/N) Y, (17)  ones that is responsible for the flux of released spheres be-
. ] ] ing directed toward larger aggregates. One can find extensive
whereN; =N(t,). The concentration of typical size aggre- giscussion of this mechanism for neutral particles in Ref.
gates in this regime decreases logarithmically with time,  [11]. 1t is found that the concentration of typical size aggre-
—d gates in this mechanism decreases as inverse of[fid]e

: (18

—u
—+e

In
t,ds

N(t)ocTlet, (19)

where N;=N(t;). Equation(6) for the size of the typical where the time constant s exponentially depends on the
aggregates can be obtained easily using the relatiofi$ip  activation energy needed to detach a sphere from an aggre-
As of our knowledge, this slow logarithmic kinetics was gate which, for neutral spheres, is the same as the magnitude
never reported in literature. It is the result of the increase irof the binding energyr, s*exp(Ey|/ksT).
Coulomb barrier when aggregate size grows. This diminishes |n our system, there is a finite Coulomb barrier between a
their sticking probability, which in turn slows down the ki- sphere and a large aggregate, which is of the order of the
netics from the linear size increase to a logarithmic one. Welectrostatic self-energy of the sphere,s0R%J2. Thus, the
thus call this regime “self-regulated” aggregation. activation energ)E of coagulation is larger than the magni-
In the regimes we considered so far, the increase in theude of the binding energy,
aggregate mass is caused by a collision between two aggre-
gates of sizéR(t). When the typical aggregate size becomes E=|Ey|+0.5eRU?, (20
very large, the Coulomb barrier between two approaching
aggregates becomes so high that the corresponding coaguiid the time constant, s is given as
tion rate[which is proportional to exp{Va/ksT)] becomes
very small and a different and faster aggregate growth TLs* eXpE/kgT). (21
mechanism, namely, the LS one, comes into play. In this

mechanism, the large aggregates do not collide with each hich LS mechanism is important by comoaring the detach-
other and the primary mechanism for aggregate growth is n ) por y paring X
ng time 7 g of a small macroion from the aggregates with

longer due to real space diffusion of a large cluster. Insteal he activation time for two agareqates to 0o throuah the Cou-
smaller aggregates shrink and eventually dissolve by releas- vation tl WO aggreg 9 ug u

ing spheres. These spheres are adsorbed by larger aggreg ?égb barrier, which s of the order expeRU?/kgT). This
leading to their growth. This process of releasing and adsor ves

ing of individual spheregcoalescengehas much smaller ki- cRU2=E (22)
netic barriers than the barrier for direct collision of large '

aggregates. This is because the latter grows with aggregaigys. the typical size at which LS regime starts is,
size[Egs.(11) and(12)], while both the binding energg,

One can easily find the size of the typical aggregate at

of a sphere in a large aggregdtiie to the short range van R,=E/sU? (23
der Waals attraction between spheres and the short range
attraction caused by the electrostatic correlatioZ-@dns at A phase diagram of different regimes of coagulation is

the place of contact between sphérasd the Coulomb bar- shown in Fig. 3. With increasing timeR grows along a

rier between a large aggregate and a sphere are finite ameértical line starting froniR=R. Below the dotted line that
very weakly depend on the aggregate size. It should be note@presentsk,(U), the coagulation is diffusion limited and
here that, although this binding energy saturates when the the aggregate mass increases with time, linearly/ ag .
aggregate size grows to infinity, it is the small differenceAbove the solid line that represer&,, the coagulation pro-
betweenE,, of smaller aggregates and of larger aggregatesess is of LS nature and the aggregate mass also increases
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linearly with timet/r 5. In between these two lines is re-
gime of “self-regulated” aggregation. In this regime, the ag-
gregate size increases logarithmically.

Above, we dealt with the unscreened Coulomb potential
between two aggregates. This is valid if the screening length
of the solution is very larger(>R,). For smaller screening
length, when the typical aggregate size reacheslue to the
fractal nature of aggregates, the Coulomb barrier stops in-
creasind 15]. In this case, LS regime cannot be reached. One
goes from the “self-regulated” regime to the regime of reac-

tion limited aggregation with constant Coulomb barrier and 11 .

almost zero probability of macroion detaching from the ag- 01 ts'/tl tity
gregates. One can calculate the change in the concenthation

in this regime using the Eq16). FIG. 4. Sketch of the dependence of the sRef typical ag-

Denoted byt the time at which the typical aggregate size gregates as function of tinteThe solid line corresponds to the case
reaches ¢ [from Eq.(6), ts=t,experU?ksT)]. At t>tg, the  of very strong screenings<R,, where the Coulomb barrier is
exponential factor in Eq. (16) becomes constant, smaller than kgT and aggregation is diffusion limited )
exp(—grSUZIkBT), and so does the factar. The solution of *Vt/74i). The dashed line corresponds to intermediate screening

this equation shows a fast decrease in the concentration @:1<rs<7R, where one goes from diffusion limited aggregation to
typical aggregates with time, self-regulated aggregatidrik In(t/t;)] and to irreversible reaction

limited aggregation Roct/ 7,40 -

t—tg dg—1]9r/(2-d0)
N(t)=N(ts)| 1+ Treact Uy } ’ (24) ing of two rigid rods, which has a lower kinetic barrier.
Namely, the two rods approach in such a way that their cen-
where 7,¢,¢:iS an exponentially long time constant, ters of mass lie on a line parallel to their longer akBse
Fig. 5(b)]. One can easily see that, in this way, charges of the
7 explersUkgT) rods are kept farther from each other than in Fi@)5Thus
Treact™ ke TN(to) \/m . ;‘;)rlg\)veefath of Fig. B), the kinetic barrier between the rods

In a typical situationd;=2 the number of spheres in the We can calculat.e the Coulomk_) barrier between two ap-
typical aggregateéwhich is inversely proportional tl) in- proaching rods as in Sec. Il, starting from the idea Fhat both
creases a$’. Although, this is a very fast kinetic, it is still rods are “”d?f constant charging voltageThg capaqtance

slower than an exponential growth of the cluster size su99f a metallic rod of lengthL and radusa is C

gested recently13,14. We currently do not have a clear =¢L/2In(L/a) for a weakly screening solutior £&1) and

understanding of the origin of this theoretical result. Is C=eL/2In(rs/a) for stronger screeningt-re>a). Thus
At even smaller screening length<R, the Coulomb the change in the capacitance of the system when the ends of

i i€~ 2
barrier between two aggregates never becomes larger th lﬁe tr‘]NO rOdi start tquchlng eachdcgitheitﬂﬁﬂsi_/ll} (L]{a)
keT and one always stays in the regime of diffusion limited ©°" the weak screening case, andA€=er/In(rs/a) for
aggregation. stronger screening.

The evolution of the typical aggregate size as a functiorl) tf\/vs thetgods dstart to O.Vf”aﬁ)’ the hs_hr?rt ra;_nghe attraction
of time is plotted in Fig. 4 for .<7R,. etween the rods come into play, which partially compen-

sates the increases in Coulomb repulsion and the reduced
IV. AGGREGATIONS OF RODLIKE POLYMERS

In this section, we would like to discuss the kinetic barrier
for the coagulation process when the role of macroion is
played by a rigid PE, such as DNA. We assume the length of
PE molecules is smaller than its persistence length so that (a) \
each can be considered as rigid rod. Due to the anisotropy of
this problem, there are a number of different paths of aggre- o >
gation of rods.
The authors of Ref[10] studied the kinetic barrier be-
tween two approaching rods as a function of their orientation <=
when the rods approach each other in the direction perpen- (b) O >

dicular to their bodiedFig. 5a)]. We believe the kinetic
barrier associated with this way of approaching is too large
because of their large electrostatic repulsion when placed FIG. 5. Different paths of coagulation for two rigid rods) The
side by side, especially when the screening of solution igpath studied in Ref[10]. (b) The path, which according to our
weak. In this section, we propose another path of approachpaper, has lower kinetic barrier.
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kinetic barrier. If the length of the overlap segmentend if  in the coagulation of macroions. The capacitance interpreta-
the attraction energy is e per unit length, the free energy of tion of Eq.(3) proves to be very useful in calculating the net
the system can be written as AC(x)U?—xe, which is  charge of any macroions and aggregates of any shape. It also
x[eLU?/In(L/a)—¢€] for the weak screening case and is helps to easily calculate the Coulomb barrier between two
x[eLU?/In(rs/a)— €] for the strong screening case. Because approaching macroions. Using this equation, we are able to
in the final stage when the two rods lie parallel to each othergalculate and compare different paths of coagulation for rod-
the attraction energy is assumed to win over their Coulomliike macroions.

repulsion,e>eLU?/In(rs/a), one easily sees that when the ~ We discuss several stages of coagulation in time. In low
rods start to overlap, total energy start to decrease. Thus, ttsalt, the coagulation process goes from a diffusion limited
maximum of the potential barrier is at about the distance ategime to a “self-regulated” regime and finally to the regime

which the rods start to overlap, Lifshitz-Slezov kinetics. In the “self-regulated” regime, as
the aggregate size increases, their Coulomb barrier increases

eLU%In?(L/a) forrg>L, diminishing their sticking probability and slowing down the
Vinax™ erU%In?(rq/a)  for re<L. (29 kinetic. As a result, the aggregate size increases as a slow

logarithmic function of time instead of the standard linear

Obviously, this potential barrier is much smaller than that inrelationship. At higher salt concentration, Coulomb barrier is
the case the rods approach each other in the direction pesereened and stops increasing after the aggregates reach a
pendicular to their length. In the latter case, the maximum otertain size(of the order of the screening length). In this
the potential barrier is at the distance where they touch eactase, Lifshitz-Slezov regime cannot be reached. Instead, one
other side by side and is equal #.U?/In(L/a) for re>L, reaches a reaction limited regime where the Coulomb barrier
andeLU?/In(rs/a) for re<L. is constant and the aggregate size increases quadratically in

At later stages of aggregation, collinear approachesime. At very high salt concentration, one cannot even reach
should dominate as well. This can explain why in many reathe reaction limited aggregation regime and always stays in
and numerical experiments, very elongated structures are regime of diffusion limited aggregations.
seen.
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